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Introduction
We consider the damped wave equation u tt þ 2au t ¼ a 2 u xx þ f ðx; tÞ; 0 < x < p; 0 < t < T ð1Þ where 'a' is the propagation speed of the wave, 'a' is a small positive damping constant. The right-hand side function f(x,t) is an arbitrary external forcing function. For simplicity, we assume that the length of the string is one and the constant a 2 = 1. Mickens and Jordan [1, 2] have studied a new non-standard finite difference scheme for the positive solution of damped wave equation. Mohanty et al. [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] have developed high accuracy methods for the solution of multidimensional nonlinear hyperbolic equations, in which, they have shown that the schemes for linear hyperbolic equations are conditionally stable. Later, Mohanty et al. [13] [14] [15] [16] [17] [18] have discussed lower order unconditionally stable schemes for the solution of multidimensional Telegraphic equations. Although Eq. (1) is a particular case of Telegraphic equation, the unknown parameters involved in the schemes discussed in [13] [14] [15] [16] [17] [18] are dependent on the grid sizes and mesh ratio parameter. Other lower order methods for multidimensional Telegraphic equations are discussed in the literature [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . In this paper, we discuss new three level implicit super stable methods of order two in time and four in space for the solution of one, two and three space dimensional damped wave equation. In next section, we derive the super stable method for one space dimensional damped wave equation and discuss the stability analysis. In this method, we use three uniform spatial grid points at each time level. In Section 3, we discuss a new alternating direction implicit (ADI) super stable method, and the stability analysis for two dimensional problems. In Section 4, we extend our technique, and present stability analysis and ADI super stable method for three dimensional problems. In Section 5, we solve multidimensional damped wave equation using the proposed methods and compare the results with the results of other existing methods. Concluding remarks are given in Section 6.
Super stable method for one dimensional damped wave equation
For simplicity, we consider the damped wave equation
over a region X = {(x, t)j0 < x < 1, t > 0}, with the initial conditions uðx; 0Þ ¼ a 0 ðxÞ; u t ðx; 0Þ ¼ a 1 ðxÞ; 0 6 x 6 1; 
whose roots are
In this case also jnj 6 1.
Hence for a > 0; c P 1 6 , the scheme (11) is super stable for all choices of h > 0 and s > 0.
ADI method for two dimensional problem
In this section, we discuss the numerical method for the damped wave equation in two space dimensions u tt þ 2au t ¼ u xx þ u yy þ f ðx; y; tÞ; a > 0; 0 < x; y < 1; t > 0 ð18Þ with the initial conditions uðx; y; 0Þ ¼ a 0 ðx; yÞ; u t ðx; y; 0Þ ¼ a 1 ðx; yÞ; 0 6 x; y 6 1;
and boundary conditions uð0; y; tÞ ¼ b 0 ðy; tÞ; uð1; y; tÞ ¼ b 1 ðy; tÞ; 0 6 y 6 1; t P 0; ð20:1Þ uðx; 0; tÞ ¼ c 0 ðx; tÞ; uðx; 1; tÞ ¼ c 1 ðx; tÞ; 0 6 x 6 1; t P 0: ð20:2Þ
We assume that a 0 (x, y), a 1 (x, y), and their derivatives are continuous functions of x and y. Assume that the solution domain is covered by a rectilinear grid with grid spacing h > 0 and s > 0 in the distance and time coordinates, respectively. The internal grid points (x l , y m , t j ) are given by x l = lh, y m = mh; where l,m = 0(1)N+1 with (N + 1)h = 1 and t j = js, j = 1,2,3,. . .. Let u j l;m be the approximate value of u(x, y, t) at the grid point (x l , y m , t j ).
Applying the method discussed in [5, 6] 
where c > 0 is a free parameter to be determined. The additional 
Assume that the error is of the form e j l;m ¼ n j e iðhlþ/mÞ , where h and / are real and n may be complex. Substituting this in the homogeneous part of the error equation (23), we obtain the characteristic equation
where
For stability of the difference scheme (22), we must have the conditions
Hence the scheme (22) is super stable, if c P 1 6 , a > 0 for all h,/ except h = / = 0 and 2p.
For h = / = 0 or 2p, we obtain the same characteristic equation (17) . Thus jnj 6 1 and the scheme (22) ; a > 0.
The scheme (22) in operator form can be written as
Above scheme in product form may be written as
The additional term is of higher order and do not affect the accuracy of the scheme. In order to facilitate the computation, we may re-write the scheme (26) in two-step ADI form (see [34] [35] [36] (27.2) are factorizations into y-and x-differences, respectively, which allow us to solve by sweeping first equation (27.1) in the y-and then Eq. (27.2) in the x-direction. It will be seen that these sweeps require only the solution of tri-diagonal systems.
ADI method for three dimensional problem
We consider the three space dimensional damped wave equation
The initial and boundary conditions are given by uðx; y; z; 0Þ ¼ a 0 ðx; y; zÞ; u t ðx; y; z; 0Þ ¼ a 1 ðx; y; zÞ; 0 6 x; y; z 6 1;
uð0; y; z; tÞ ¼ b 0 ðy; z; tÞ; uð1; y; z; tÞ ¼ b 1 ðy; z; tÞ; 0 6 y; z 6 1; t P 0; ð30:1Þ uðx; 0; z; tÞ ¼ c 0 ðx; z; tÞ; uðx; 1; z; tÞ ¼ c 1 ðx; z; tÞ; 0 6 x; z 6 1; t P 0; ð30:2Þ uðx; y; 0; tÞ ¼ d 0 ðx; y; tÞ; uðx; y; 1; tÞ ¼ d 1 ðx; y; tÞ; 0 6 x; y 6 1; t P 0:
ð30:3Þ
We assume that a 0 (x, y, z), a 1 (x, y, z), and their derivatives are continuous functions of x, y and z. Let the solution space be covered by a rectilinear grid with grid spacing h > 0 in x-,y-, z-directions and s > 0 in t-direction, respectively. The internal grid points are given by (x l ,y m ,z n , t j ) = (lh, mh, nh, js); where l,m,n = 0(1)N+1 with (N + 1)h = 1 and j = 1,2,3,. . .. Let u j l;m;n be the approximate value of u(x, y, z, t) at the grid point (x l , y m , z n , t j ).
By the help of the approximations discussed in [9, 10] 
where f j l;m;n ¼ f ðx l ; y m ; z n ; t j Þ. 
where c > 0 is a free parameter to be determined and the additional terms are of O(s 4 ), do not affect the consistency of the scheme. For s / h 2 , the method (32) becomes a fourth order method in space.
As discussed in previous sections, the error equation for (32) may be written as
Assume that the error is of the form e j l;m;n ¼ n j e iðhlþ/mþwnÞ , where h,/ and w are real and n may be complex. Substituting this in the homogeneous part of the error equation (33), we obtain the characteristic equation
For h = / = w = 0 or 2p, we obtain the same characteristic equation (17) . Thus jnj 6 1 and the scheme (32) is super stable for c P ; a > 0. Now the scheme (32) can be re-arranged as
where R 0 , R 1 and S 1 are already defined in previous section. Above scheme in product form may be written as
In this case also additional terms are of higher order and preserve the consistency of the scheme. In order to facilitate the computation, we may re-write the scheme (36) in three-step ADI form (see [34] [35] [36] .3) are factorizations into z-, y-and x-differences, which allow us to solve by sweeping first in the z-, then in the y-, and then in the x-direction. It will be seen that these sweeps require only the solution of tri-diagonal systems which can be solved by using a tri-diagonal solver.
Numerical illustrations
In order to test the viability, we solve the chosen multidimensional damped wave equations whose exact solutions are known. The initial, boundary and right-hand side homogeneous functions can be obtained using the exact solution as a test procedure. Throughout the computation, we have chosen r (s/ h 2 ) = 3.2. The resulting linear system of equations has been solved using the Gauss-elimination method (tridiagonal solver). To start any computation, it is necessary to know the value of u of required accuracy at all the nodal points at first time level, i.e., at t = s. The details of fourth order approximation at t = s are discussed in [4, 6, 10] . With the help of the same technique, we can obtain the numerical solution of u of required accuracy at t = s. We have compared the results obtained by using the proposed methods with the results obtained by using the following methods:
A numerical method of O(s 2 + h 2 ) for the solution of damped wave equation (2) can be written as
An ADI method of O(s 2 + h 2 ) for the two dimensional damped wave equation (18) may be written as ) for the three dimensional damped wave equation (28) can be written as (see [37, 38] ).
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Example 1. We solve the damped wave equation (2) in the region 0 < x < 1, t > 0. The exact solution is given by u = e t sin(px). The maximum absolute errors are tabulated in Table 1 Example 2. We solve the differential equation (18) in the region 0 < x, y < 1, t > 0. The exact solution is given by u = e t sin(px) sin(py).
The maximum absolute errors are tabulated in Table 2 . The 3D graphs of numerical solution vs exact solution are plotted in Figs. 2a and 2b , respectively at t = 1 for 0.5 < x < 1, 0.5 < y < 1.
Example 3. We solve the Eq. (28) in the region 0 < x,y,z < 1, t > 0. The exact solution is given by u = e t sin(px)sin(py)sin(pz). The maximum absolute errors are tabulated in Table 3 . The 3D graphs of numerical solution vs exact solution are plotted in Figs. 3a and 3b, respectively at t = 1, z = 0.5 for 0 < x < 1, 0 < y < 1.
The order of convergence may be obtained by using the mathematical formula ðlogðe h 1 Þ À logðe h 2 ÞÞ=ðlogðh 1 Þ À logðh 2 for example 3, and results are reported in Table 4 .
Final remarks
The available methods for the numerical solution of one space dimensional damped wave equation are of lower order, three-level implicit in nature and stable for c P 1 4 . In this paper, we have discussed new three-level implicit methods of O(s 2 + h 4 ) for the solution of multi-dimensional damped wave equation, which are stable for c P 1 6 . The effectiveness of the methods discussed is exhibited from the numerical results. In all cases, we have chosen
. For s / h 2 , the proposed methods behave like fourth order in nature, which are exhibited in Table 4 . The methods discussed in [13] [14] [15] [16] [17] are of lower order, whereas the proposed methods are of higher order. Although the methods discussed in Table 2 Example 2: The maximum absolute errors at t = 1.0 for a fixed r = (s/h 2 ) = 3.2. [18] are of same accuracy with the proposed methods, the methods discussed in [18] involve two parameters q and c, whose values are dependent on the choices of grid sizes and mesh ratio parameter, whereas the methods discussed in the present paper involve only one parameter c > 1 6 , which is independent of the choices of grid sizes and mesh ratio parameter. Hence the proposed methods are more effective than the methods discussed earlier. This is the new development in the present paper. It is hoped that the new idea presented in this paper will be useful for the development of super stable methods for other time dependent problems. Table 3 Example 3: The maximum absolute errors at t = 1.0 for a fixed r = (s/h 2 ) = 3.2. 
